I. INTRODUCTION
T HIN circular loop antennas carrying different forms of the currents and their radiation characteristics have been widely investigated over the last several decades and literature associated with the studies is readily available in recently revised antenna text books [1] - [3] and in recent articles [4] - [8] .
Recently, an analysis of a contra-wound toroidal helix antenna (CWTHA) was carried out and claimed to be the first in the antenna and propagation community [9] , [10] . The CWTHA is formed by placing two spiral wingings on a toroidal core, as depicted in Fig. 1 . It is basically an electrically-small and low-profile antenna. To understand what the radiating property of a CWTHA is, it is better to first investigate a single-wound toroidal helix antenna (SWTHA) as the CWTHA is formed form two contra-wound SWTHAs carrying opposite directional currents.
In the two fundamental works by Miron [9] and Hansen and Ridgley [10] , the objective was to establish "fundamental treatment through electromagnetic theory", and thus to present analytical results via exact vector potentials and approximate far-zone fields. Some examples were considered and their numerical results obtained in [9] , [10] . Theoretically, both works stopped, however, somewhere to await the implementation of the method of moments or when the exact integration form of the vector potentials was obtained. According to [10, Page 1139 , immediately below Section IV], this is because "neither of the vector potential integrals can be integrated in closed form." This becomes one of the objectives of the present paper to show that fairly accurate results can be obtained based on an approximation of polynomial expansion (where both linear and quadratic approximations will be used subject to the requirement of the desired accuracy). Most importantly, it is to demonstrate that the analytical solution or closed-form solution to those integrals can be obtained.
This paper thus revisits the radiation problems of both SWTHA and CWTHA. Similar to the previous work, the present work also employs the spherical coordinate system 0018-926X/04$20.00 © 2004 IEEE where the coordinate origin is located at the center of the toroidal core while the toroidal core horizontal plane is considered to be the plane in Cartesian coordinates or in the -plane in spherical coordinates. To formulate the electromagnetic fields radiated by the toroidal helix antenna, we follow the vector potential technique to express the radiated fields. To make the analysis complete, we start with a curve fitting technique to obtain an approximate, but simple and fairly accurate expression of the helix wire winding length. After that, we will formulate the integral of vector potential components. Then, we will employ the Bessel function series to express the exponential term in the integrand function and make part of the exponential function expanded into the polynomial series with two polynomial orders of approximations, one being linear and the other being quadratic. Furthermore, the orthogonality of trigonometric functions is utilized to simplify the integral and to obtain the analytical results. Special cases of infinitely thin and zero-turn of the toroidal winding will be considered based on the general formulation.
II. GENERAL FORMULATION OF ELECTROMAGNETIC RADIATED FIELDS
Consider the geometry in Fig. 1 where the origin of the spherical coordinates is located at the center of a toroidal core whose radius is assumed to be and turn radius to be . As we follow the same configuration for the same problem here as those in [9] , [10] , the radii and carry the same meaning of physical parameters as in [9] , [10] . It is well known that the transverse electromagnetic field components and in far zone can be expressed in terms of vector potential as follows:
where the subscript denotes the transverse components while and stand for the propagation direction and free-space intrinsic impedance, respectively.
A. Helix Wire Winding Length Approximation
A point on the helix can be written in terms of the spherical coordinate variable as follows: In the work by Hansen and Ridgley [10] , is approximated by (6a)
In fact, it can be better approximated by (6b) From Fig. 2(a) and (b), it is seen that the relative error of (6b) as compared with the exactly numerical result in (5b) is 100 times smaller than that of (6a) and is usually less than 0.3% except for the first a few points of the 20 10 data array. The additional term is obtained from curve-fitting technique. The existing approximation in the published work has a relative error of about 85% for most of the array data.
B. Vector Potentials
For a given current distribution , the vector potential is obtained from the following expression (on the assumption of the time dependence of ):
where is given by (4) and the unit vector ( , , ) is defined as follows:
and the distance between source and observation points is expressed as for magnitude for phase.
(7c) For the phase, the distance can be further expressed as follows: (8) Defining (9) and re-writing the vector potential explicitly, we have
Similar to most of the loop antenna analyses, the electric current of the helix wire may be assumed as a constant one, i.e., . So, we have (11) As a result, the above integrals in (10) can be simplified. Even so, analytical solutions are still unavailable unless some approximations are made to the exponential term . Substituting the expression given in (9), we have (12) where (13a) (13b) As and , the following approximations, namely, the first-order (linear) and the second-order (quadratic) approximations, can be made:
(a) Linear Approximation:
From the numerical test, it is realized that when the quadratic approximation is employed, the accuracy with a relative error of , , , or for , or , respectively. If the linear approximation is utilized, then the accuracy will become , , , or . It can be seen that this approximation has nothing to do with the toroidal antenna radius , and it depends upon the turn radius . The linear approximation usually provides good results when the value of is 0.3 or smaller to provide a relative error of less than 5.0% (which is usually an acceptable accuracy for engineering designs). However, the quadratic approximation ensures that the accuracy is guaranteed for a large spectrum of applications, well controlled below the expected tolerance of less than when or smaller. Because of this reason, we will consider both approximations in the subsequent consideration and formulation as well.
III. ANALYTICAL SOLUTION TO RADIATED ELECTROMAGNETIC FIELDS
If we focus ourselves only on far-zone fields, then we are interested in only transverse components of the vector potentials and . To simplify our derivation, let us split each of the components into three contributions of zeroth to second orders, namely
where assuming , 1, and 2, we have
In the above considerations, we have considered the quadratic approximations, without loss of any generality. In the special case of the linear approximation, we can always assume the additional quadratic terms (associated with those with the superscript ) to be vanishing. To simplify the above vector potential components, we utilize the following expansion:
(17) Considering and using the above expansion in (17), we can simplify the components in (16).
A. Zeroth-Order Contribution
To achieve it, we substitute (17) into (16). For an integer number , we have
Therefore, we have
Similarly, consider the following integrals:
Therefore, we also have
It is apparent that we have obtained the solution when the loop antenna is infinitely thin, i.e.,
. When the wire cross section is finite but small, , however, we have to consider the following approximation to include the additional contribution due to the loop wire cross sectional diameter.
B. First-Order Contribution
To consider the first order approximation, we have to include the second term in either (14a) or (14b) into our formulation and computation. In a way similar to the zeroth order approximation, we assume the following intermediates: So far, we have obtained the solution to the radiated fields under the first-order approximation. As mentioned earlier, the firstorder (linear) approximation has provided fairly accurate solution to the electromagnetic fields radiated by the toroidal antenna.
IV. RADIATED ELECTROMAGNETIC FIELDS: QUADRATIC APPROXIMATION
When the electric turn dimension becomes large (such as 0.5), however, the accuracy of the solution may not meet the special requirements of practical system or scientists who desire for better accuracy than 5%. In this case, the second-order (quadratic) approximation serves very well for the purpose. Certainly, when the higher-order approximation is required, the formulation becomes more tedious and lengthy. Therefore, we put the resulted solution separately in a section herein.
To obtain the solution based on the second-order approximation, we define the following integrals for the -component of the vector potential:
Therefore, we have (27) Subsequently, we will evaluate these integrals in (26) to obtain analytical solution to the -component of vector potential in (27).
Similarly, we define the following integrals for the -component of the vector potential: As for the second order or quadratic approximation, the simplified form is very lengthy. In this case, we will not re-produce the results here. Instead, we basically still consider the expressions of the vector potential components in parameter-substitution form as shown in (27) and (29).
So far, we have obtained all the vector potential components necessary for the antenna patterns. Certainly, as the radial component of the vector potential is not of the interest to the far-zone electromagnetic fields, we did not spend our efforts toward deriving it.
V. SPECIAL CONSIDERATIONS
Uniform current distribution of the loop antenna, i.e., where is a constant, represents the simplest case of the circular loop antenna radiation. This assumption is valid and accurate enough for the circular loop antennas which are electrically small in size. With this assumption, the exact solutions can be easily obtained, as dealt with in the past by Balanis [1] , Stutzman and Thiele [2] , and Kraus and Marhefka [3] , for a circular loop antenna without any toroidal winding. In this case, the number . With this assumption, The results for the special case are reducible from the general solution of multiple turn toroidal antennas. The obtained results are expected from the original integrals.
A. Infinitely Thin Circular Loop Antennas
Another special case under consideration is that . Under this assumption, the toroidal antenna reduces to the simple loop antenna regardless of the number of turns. Substituting by zero inside our general formulation, we found that (32a) (32b) while the higher order terms automatically vanish. This is a result available elsewhere in the open literature.
B. Contra-Wounding Toroidal Helix Antennas
For a toroidal antenna with contra-wound with opposite directions, we simply use the superposition technique to take the sum of the double contributions, one from the single-wound toroidal antenna formulated and analyzed as above while the other also from the same single-wound toroidal antenna formulated and analyzed as above but with a change of the turn number sign and the current sign changed from to and to , respectively. After the summation, we will get the total contribution and its formulation is actually simpler and more compact. To summarize, the potential components under the zeroth-order approximation are given below:
The potential components under the first-order approximation are obtained as follows:
Similarly, the potential components under the second-order approximation can be derived. As the process is simple but the expressions are lengthy, we will not address this further.
From the above formulation, it is seen that the expressions of the vector potential components are simpler in form for the radiation by CWTHA than those by SWTHA. This is because there are many terms in the expressions which are canceled to each other because of the reversely directional current and the contra-winding of the helix wires.
C. Error Analysis of Radiation Patterns
Previously in (10b) and (10c), we have the approximations of the first and second orders. According to (1a) and (1b), we have (35) It is seen that since , the radiation pattern thus has the same order of approximation error as the vector potential. This means that if the vector potential is expressed by the quadratic approximation, the antenna power pattern should be approximated by the same order, i.e., the quadratic approximation in this case.
VI. CONCLUSION
This paper revisits the analysis of a toroidal antenna and provides an analytical method for obtaining its electromagnetic radiated fields. With the current approach, an analytical solution each to vector potential components of the SWTHA and CWTHA is obtained. This clears the earlier claim by Hansen and Redgley that "neither of the vector potential integrals can be integrated in closed form." The present analysis is very comprehensive from the accurate expression of the toroidal helix length in closed form, to the analytical expressions of the vector potentials (in the form of components in far zone) for both SWTHA and CWTHA, and extended further to special cases of the toroidal helix antennas. It is seen from discussion that while the SWTHA contributes dominantly to the -component of the electric field or vector potential in far zone, the CWTHA contribute dominantly to the -component of the electric field or vector potential in far zone. Although this paper employs the polynomial expansion with two kinds of approximations, one is the first order (linear) approximation while the other is the second-order (quadratic) approximation, the results produced by either of these approximations can be very accurate. Which approximation of the two is used is subject to the practical situation and the accuracy requirement. Wiley-Interscience, 1975 , 1986 , 1990 ; EMW Publishing since 1998) and over 600 refereed journal articles, book chapters, and conference papers. He has been principal investigator for more than 100 grants and contracts from various government agencies and industry. He has served as consultant, external examiner, and advisor to industry, academia, national governments, and the United Nations. He has been reviewer for many journals, book companies, and government agencies, and served as session chairman, organizer, and member of advisory and technical program committees for numerous international and national conferences and symposia, including serving as 
